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Isomorphic classification of Lp,q-spaces, II
J. Huang and F. Sukochev
Abstract
This is a continuation of the papers [32] and [50], in which the isomorphic classification of Lp,q ,
for 1 < p <∞, 1 ≤ q <∞, p 6= q, on resonant measure spaces, has been obtained. The aim of this
paper is to give a complete isomorphic classification of Lp,q-spaces on general σ-finite measure
spaces. Towards this end, several new subspaces of Lp,q(0, 1) and Lp,q(0,∞) are identified and
studied.
1. Introduction
This paper is devoted to the isomorphic classification of Lorentz spaces Lp,q on general σ-
finite measure spaces, where 1 < p <∞, 1 ≤ q <∞, p 6= q, which is a continuation of previous
studies on the isomorphic classification of Lp,q on resonant measure spaces contained in [32,50]
and is motivated by earlier work on subspaces of Lp,q due to Carothers and Dilworth (see e.g.
[11–14,18]). For the isomorphic classification of Lp-spaces (i.e., ℓ
n
p , n = 1, 2, · · · , ℓp, Lp(0, 1)), we
refer to [56, Part III] and [6, Chapter XII]. For the isomorphic classification of weak Lp-spaces,
we refer to [33–36].
The Lorentz spaces Lp,q were introduced by G.G. Lorentz in [42, 43], and their importance
is demonstrated in several areas of analysis such as harmonic analysis, interpolation theory,
etc. (see e.g. [7, 18] and references therein). Recall that if (Ω,Σ, µ) is a measure space, then
for 1 < p <∞ and 1 ≤ q <∞, the Lorentz space Lp,q(Ω) is the collection of all measurable
functions f on Ω such that
‖f‖p,q :=
(∫∞
0
f∗(t)qdtq/p
)1/q
<∞,
where f∗ denotes the decreasing rearrangement of |f | (see the next section). In the special
case when (Ω,Σ, µ) coincides with N equipped with the counting measure, the space Lp,q(Ω)
coincides with the familiar symmetric sequence space ℓp,q [18, 38]. It is well-known that if
1 ≤ q ≤ p <∞, then ‖·‖p,q is a norm, and if 1 < p < q <∞, then it is a complete quasi-norm
which is equivalent to a complete norm [7, 18]. It is clear that Lp,p(Ω) is the Lebesgue space
Lp(Ω), and that it is important to note that Lp,q-spaces arise in the Lions–Peetre K-method
of interpolation [11, 18].
It is known that Lp,q(0, 1) and Lp,q(0,∞) are not isomorphic to each other for any 1 < p <∞,
1 ≤ q <∞, p 6= q, and ℓp,q does not embed into Lp,q(0, 1) as a complemented subspace [12,18].
A stronger result showing that ℓp,q does not embed isomorphically into Lp,q(0, 1) was proved
in [32] and [50] using the so-called “subsequence splitting lemma” introduced and studied
in [52] (see also [4, 20, 22–24, 51]). It is interesting to note that there are symmetric function
spaces on (0, 1) which contain isomorphic ℓp,q-copies, 1 < p < 2, 1 ≤ q <∞ [47]. It is also
known [32, 50] that Lp,q(0,∞) does not embed isomorphically into the space Lp,q(0, 1)⊕ ℓp,q.
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Hence, if 1 < p <∞, 1 ≤ q <∞, p 6= q, then
ℓnp,q, n = 1, 2, · · · , ℓp,q, Lp,q(0, 1), Lp,q(0, 1)⊕ ℓp,q and Lp,q(0,∞)
is the full list of pairwise non-isomorphic Lp,q-spaces over a resonant measure space.
In the present paper, we extend results in [32, 50] to the setting of general σ-finite measure
spaces. Below, we briefly introduce the structure of the present paper. Unless stated otherwise,
we will always assume that 1 < p <∞, 1 ≤ q <∞ and p 6= q.
In Section 3, we prove some results on the finite representability of ℓnp,q, which are important
auxiliary tools. In particular, using a type/cotype argument and Kadec–Pe lczyn´ski theorem,
we show that ℓnp,q does not embed uniformly into ℓq when 1 < p < min{2, q} or p > max{2, q}
or q > 2 (see Corollary 3.3).
It is well-known that any σ-finite measure space is the direct sum of an atomless measure
space and an atomic measure space. Recall that all separable infinite (or finite) atomless
measure spaces are isomorphic to each other [10, Theorem 9.3.4], and Lp,q(Ω) is isomorphic
to ℓnp,q, 1 ≤ n ≤ ∞, if Ω is an atomic resonant measure space. The main concern of this paper
is the case when the measures of atoms are not necessarily the same in an atomic measure
space. In Section 4, we classify infinite-dimensional Lp,q-spaces on different atomic measure
spaces and show that any Lp,q-space on such a measure space can be written as a direct sum
of Lp,q-spaces of the following types (see below for definitions and Section 4)
ℓp,q,1, ℓp,q,0(I), ℓp,q,0(F ), and ℓp,q,∞.
In Table 1, we present a complete isomorphic classification of these spaces. Note that all Banach
spaces X of type ℓp,q,1 are isomorphic to ℓp,q.
If the atoms An in Ω satisfy the conditions µ(An)→ 0 and
∑
µ(An)<ε
µ(An) =∞ for any
ε > 0, then the Lp,q-space on such a measure space is said to be of type ℓp,q,0(I). Johnson et.al
[26, p.31] introduced the subspace UY of an arbitrary symmetric function space Y on [0,∞),
which is spanned by the characteristic functions of An. Such spaces are natural generalizations
of the space Xp introduced by Rosenthal [49]. For any fixed symmetric function space Y
on [0,∞), it is proved in [26, Theorem 8.7] (see also [39, Proposition 2.f.7]) that UY does
not depend on the particular sequence {An} used (up to an isomorphism). When Y = Lp,q,
the space UY coincides with an Lp,q-space of type ℓp,q,0(I) and, for simplicity, we denote
Up,q := UY = ULp,q . By using techniques different those in [32,50], we show that Up,q does not
embed into ℓp,q (indeed, it does not embed into ℓp,q ⊕ Lp,q(0, 1), see Theorem 5.7 below), which
is a far-reaching generalization of [32, Theorem 11] and [50, Theorem 10]. Another interesting
case is when the atoms An satisfy the condition
∑∞
n=1 µ(An) <∞ (or µ(An)→n ∞). Any
Lp,q-space on a measure space of such type is said to be of type ℓp,q,0(F ) (resp. ℓp,q,∞). It is
well known that for any disjointly supported sequence of unit vectors in Lp,q(0, 1), there exists
a subsequence equivalent to the unit vector basis of ℓq [18, Theorem 5] (see also [12]). We
establish a quantitative version of this result (See Propositions 4.10 and 4.25), giving a criterion
for the normalized characteristic functions of atoms (in the setting of ℓp,q,0(F ) and ℓp,q,∞) to
be equivalent to the unit vector basis of ℓq. We also show that
(⊕∞n=1ℓnp,q)q is isomorphic to
a space of the type ℓp,q,0(F ) (or ℓp,q,∞) for some particular choice of {An}. In particular, we
obtain that
(⊕∞n=1ℓnp,q)q is a subspace of Lp,q(0, 1).
In Section 5, we consider Lp,q-spaces on arbitrary σ-finite measure spaces with non-trivial
atomless part. Up to isomorphism, any such Lp,q-space is one of the following
Lp,q(0, 1), Lp,q(0, 1)⊕ ℓp,q,1, Lp,q(0, 1)⊕ ℓp,q,0(I), Lp,q(0, 1)⊕ ℓp,q,∞, Lp,q(0,∞).
We give a full characterization of the isomorphic embeddings between Lp,q-spaces of all types
listed above. It is clear that any space of the first four types is a complemented subspace of
Lp,q(0,∞). We show that Lp,q(0,∞) does not embed into any space of the first four types, which
extends [32, Theorem 11] and [50, Theorem 10] significantly. We also establish an Lp,q-space
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version of a Theorem for Orlicz sequence spaces due to Lindenstrauss and Tzafriri [39, Theorem
2.c.14] (see [6, Ch. XII, Theorem 9] for the case of Lp-spaces), showing that there exists an
isomorphic embedding
T : Lp,q(0, 1)→ Up,q
if and only if p = q = 2. In the language of graph theory, the tree below is the Hasse diagram
for the partially ordered set consisting of the equivalence classes of Lp,q(Ω) under Banach
isomorphism with the order relation. For any spaces X 6= Y listed in the tree following, X is
isomorphic to a subspace (indeed, a complemented subspace) of Y if and only if X can be
joined to Y through a descending branch (see Table 2).
ℓq
(⊕∞n=1ℓnp,q)q
Lp,q(0, 1)
ℓp,q
Up,q
Lp,q(0, 1)⊕ ℓp,q
Lp,q(0, 1)⊕ Up,q
Lp,q(0,∞)
Our notations and terminology are standard and all unexplained terms may be found in
[1, 26, 38, 39].
We would like to thank Professor J. Arazy for helpful discussions concerning results
presented in his paper [3], which contains useful techniques in the study of isomorphic
embedding of Banach spaces. We also thank Professor W.B. Johnson for his comments on
finite representability of ℓp-spaces and his help in proving Proposition 3.2. We thank A.
Kuryakov for many joint discussions, and T. Scheckter for his careful reading of this paper, and
Professor E. Semenov for useful comments and sharing the paper [9], and we thank D. Zanin
for helpful discussions. The second author was supported by the Australian Research Council
(FL170100052).
2. Preliminaries
Let (Ω,Σ, µ) be a measure space with a σ-finite measure µ, defined on σ-algebra Σ, and let
L(Ω) be the algebra of all classes of equivalent measurable real-valued functions on (Ω,Σ, µ).
For any function f ∈ L(Ω), its distribution df (s) is given by
df (s) := µ({f > s}), s > 0.
Denote by L0(Ω) the subalgebra of L(Ω) consisting of all functions f such that d|f |(s) <∞ for
some s > 0. For every f ∈ L0(Ω), its non-increasing rearrangement is defined by
f∗(t) := inf{s > 0 : d|f |(s) ≤ t}, > 0.
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In the special case when the measure space is N of all natural numbers equipped with the
counting measure, we denote by ℓp,q the Lorentz sequence space Lp,q(N). In particular,
‖{ak}k≥1‖p,q =

∑
k≥1
(a∗k)
q((k)q/p − (k − 1)q/p)


1/q
<∞,
where {a∗k}k≥0 is the decreasing rearrangement of the sequence {|ak|}∞k=1 ∈ ℓp,q. We denote by
ℓnp,q when Ω consists of n’s atoms of measure 1. The mapping i({ak}k≥1) :=
∑∞
k=1 akχ[k−1,k),
{ak}k≥1 ∈ ℓp,q, where χA is the indicator function of a measurable set A ∈ Σ, defines an
isometric embedding of the space ℓp,q into Lp,q(0,∞). Note that for any σ-finite measure
space (Ω,Σ, µ), Lp,q(Ω) embeds isomorphically into Lp,q(0,∞).
Recall that two Banach spaces X and Y are said to be isomorphic (denoted by X ≈ Y ) if
there exists an invertible bounded linear operator from X onto Y . Otherwise, we write X 6≈ Y .
We say that Y embeds into X isomorphically if there is a linear subspace Z ⊂ X , such that Z is
a Banach space and Z is isomorphic to Y . If X is isomorphic to a subspace (resp. complemented
subspace) of Y , we write X →֒ Y (resp. X c−֒→ Y ). If X does not embed into Y isomorphically
as a subspace (resp. a complemented subspace), we write X 6 →֒ Y (resp. X 6 c−֒→ Y ).
If two sequences {ak} and {bk} of real positive numbers satisfy the condition
0 < inf
k
ak
bk
≤ sup
k
ak
bk
<∞,
we then write {ak} ∼ {bk}. We use the same notation to denote the equivalence between basic
sequences and this should not cause any confusion. A sequence {xk} in a Banach space X is
called semi-normalized, if there are scalars 0 < a < b <∞ such that a ≤ ‖xn‖ ≤ b, n ≥ 1. We
denote the unit vector basis of ℓq and ℓp,q by {eℓqk }∞k=1 and {eℓp,qk }∞k=1, respectively.
We recall below a well-known result (see e.g. [12, Lemma 2.1], see also [2, 18, 30, 38, 55]).
Lemma 2.1. Suppose that 0 < p, q <∞. Let {fn} be a sequence of unit vectors in
Lp,q(0,∞) such that f∗ → 0 pointwise. Then, there exists a subsequence of {fn} which is
equivalent to the unit vector basis of ℓq.
We end this section with the discussion on partial averaging operators. Suppose that An ⊂ Ω,
n ≥ 1, with An ∩Am = ∅ as n 6= m, An ∈ Σ, µ(An) <∞. Let A be a σ-subalgebra of Σ,
generated by sets An, n ∈ N. The operator TA : L1(Ω) + L∞(Ω)→ L1(Ω) + L∞(Ω) defined by
TA(f) =
∞∑
n=1
( 1
µ(An)
∫
An
fdµ
)
χAn , f ∈ L1(Ω) + L∞(Ω),
is called an averaging operator (see [31, Ch. 2, §3] or [41, Section 3.6]).
By [7, Chapter 4, Lemma 4.5] and [31, Chapter II, Theorem 4.3] (see also [41, Lemma
3.6.2]), TA is continuous on Lp,q(Ω) when p ∈ (1,∞) and q ∈ [1,∞). That is, any averaging
operator is indeed a continuous projection on Lp,q(Ω). In particular, Lp,q(Ω) is isomorphic to
a complemented subspace of Lp,q(0,∞).
3. Some results on the uniform embedding of ℓnp,q
Recall that ℓnp,q is said to embed uniformly in a Banach space X if for every n ∈ N, there
exists an operator Tn : ℓ
n
p,q → X such that supn ‖Tn‖
∥∥T−1∥∥ <∞. The connection between
type/cotype and the uniform embedding of ℓnp into a Banach space has been widely studied
(see [46] and [45, Theorem 3.5]).
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It is well-known that ℓp 6 →֒ Lp,q(0,∞) [12, 18]. However, ℓp is finitely representable in ℓp,q,
and therefore, in Lp,q(0,∞). In particular, Carothers and Flinn [14] obtained a quantitative
result in the sense that ℓn
α
p , 0 < α < 1, can be embedded into ℓ
n
p,q with an isomorphism constant
C(p, q, α) depending on p, q, α only.
In the proposition below, we study the uniform embedding of ℓnp,q into ℓq when 1 < p <
min{2, q} and p > max{2, q}. The following proposition adopts the technique used in the proof
of equality (26) in [9] (see also [45] for similar techniques). Let rk(t), k = 0, 1, 2, . . . , t ∈ [0, 1],
be the Rademacher functions [39].
Proposition 3.1. If 1 < p < min{2, q} (or p > max{2, q}), then ℓnp,r does not embed into
ℓq uniformly for any r ≥ 1.
Proof. For the sake of convenience, we denote E := ℓp,r and let the characteristic function
φE of E be defined by φE(n) =
∥∥∥∑1≤i≤n eEi ∥∥∥
E
, n ≥ 1. Assume that for every n there exists
an isomorphism Tn : E
n →֒ ℓq with supn≥1 ‖Tn‖
∥∥T−1n ∥∥ <∞.
(1) Assume that 1 < p < min{2, q}. Since ℓq has type min{2, q} [39, p.73], it follows that
φE(n) =
∥∥∥∥∥
n∑
i=1
eEi
∥∥∥∥∥
En
=
∫1
0
∥∥∥∥∥
n∑
i=1
ri(t)e
E
i
∥∥∥∥∥
En
dt ≤
∫1
0
∥∥T−1n ∥∥
∥∥∥∥∥
n∑
i=1
ri(t)Tn(e
E
i )
∥∥∥∥∥
q
dt
≤ Cq
∥∥T−1n ∥∥
(
n∑
i=1
∥∥Tn(eEi )∥∥min{2,q}q
) 1
min{2,q}
≤ Cq
∥∥T−1n ∥∥
(
n∑
i=1
‖Tn‖min{2,q}
∥∥(eEi )∥∥min{2,q}En
) 1
min{2,q}
= Cq
∥∥T−1n ∥∥ ‖Tn‖n 1min{2,p} ,
where Cq is the constant for the type min{2, q} inequality of ℓq. Since p < min{q, 2}, we obtain
that
sup
n
‖Tn‖
∥∥T−1n ∥∥ ≥ sup
n
1
Cq
φE(n)n
− 1
min{2,q} ≥ 1
Cq
φE(n)n
− 1p · sup
n
n
1
p− 1min{2,q} =∞.
This implies that ℓnp,r does not embed into ℓq uniformly when 1 < p < min{2, q}.
(2) Assume that p > max{2, q}. Since ℓq has cotype max{2, q} [39, p.73], it follows that
φE(n)
∥∥T−1n ∥∥ ‖Tn‖ = ∥∥T−1n ∥∥ ‖Tn‖
∥∥∥∥∥
n∑
i=1
eEi
∥∥∥∥∥
En
=
∫1
0
∥∥T−1n ∥∥ ‖Tn‖
∥∥∥∥∥
n∑
i=1
ri(t)e
E
i
∥∥∥∥∥
En
dt
≥
∫1
0
∥∥T−1n ∥∥
∥∥∥∥∥
n∑
i=1
ri(t)Tn(e
E
i )
∥∥∥∥∥
q
dt
≥ Cq
∥∥T−1n ∥∥
(
n∑
i=1
∥∥Tn(eEi )∥∥max{2,q}q
) 1
max{2,q}
≥ Cq
(
n∑
i=1
∥∥(eEi )∥∥max{2,q}En
) 1
max{2,q}
= Cqn
1
max{2,q} ,
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where Cq is the constant for the cotype max{2, q} inequality of ℓq. Since p > max{q, 2}, we
obtain that
sup
n
‖Tn‖
∥∥T−1n ∥∥ ≥ sup
n
Cq
1
φE(n)
n
1
max{2,q} ≥ sup
n
Cq
n
1
p
φE(n)
· n 1max{2,q}− 1p =∞.
This implies that ℓnp,r does not embed into ℓq uniformly when p > max{2, q}.
It is well-known that ℓp,q 6 →֒ ℓp when p 6= q. We strengthen this result by showing that ℓnp,q
does not embed into ℓq uniformly. We refer to [1] for the notion of crudely finite representability.
Proposition 3.2. Let q > 2. Assume that a Banach space E with a symmetric basis and
E 6≈ ℓ2. If E is crudely finitely representable in ℓq, then E ≈ ℓq. In particular, if 1 < p <∞,
1 ≤ r <∞ and p 6= q (or r 6= q), then ℓnp,r does not embed into ℓq uniformly.
Proof. By [1, Proposition 11.1.13], E has an equivalent norm such that E is finitely
representable in ℓq. Under an equivalent norm, the symmetric basis of E is still symmetric.
Applying [1, Theorem 11.1.8], E is isomorphic to a subspace of Lq(0, 1). By [29, Corollary 2],
E ≈ ℓ2 or E contains ℓq. This implies that E 6≈ ℓ1 [1, Corollary 2.1.6]. Hence, the symmetric
basis of E is weakly null. By Kadec–Pe lczyn´ski theorem [29, Corollary 5], the symmetric basis
of E is equivalent to ℓ2 or ℓq. Since E 6≈ ℓ2, it follows that E ≈ ℓq.
The second assertion follows from the fact that ℓp,r 6≈ ℓq whenever p 6= q or r 6= q (see e.g. [38,
Theorem 4.e.5]).
Note that a deep result due to Johnson and Schechtman [27] (see also [28]) shows that when
0 < q < p < 2, ℓq contains ℓ
n
p ’s uniformly. However, it is well-known that, for other values of
p and q, the situation becomes different. Propositions 3.1 and 3.2 indeed extend this result to
the setting of ℓp,q sequence spaces (see also [45, Theorem 3.5]).
Corollary 3.3.
(i) If 2 < r <∞, then ℓns embeds uniformly into ℓr for all n ≥ 1 if and only if s = r or s = 2.
(ii) if 1 < s < min{2, r} or s > max{2, r} (or r > 2 and s 6= r), then ℓns,q does not embed into
ℓr uniformly for any q ≥ 1. In particular, ℓns does not embed into ℓr uniformly.
Proof. (1) The necessity follows from Proposition 3.2.
Now, we prove the sufficiency. When s = r, it is obvious. If s = 2, then the assertion follows
from Dvoretzky’s Theorem [1, Theorem 11.3.13]: ℓ2 is finitely representable in every infinite-
dimensional Banach space.
(2) The assertions follow from Propositions 3.1 and 3.2.
4. Isomorphic classification of Lp,q: the atomic case
This section contains main results of the present paper. Throughout this section, we always
assume that
1 < p <∞, 1 ≤ q <∞, p 6= q,
and (Ω,Σ, µ) is an atomic measure space and such that Ω consists of atoms An, 1 ≤ n <∞,
with µ(An) <∞. We denote Lp,q(Ω) by ℓp,q({An}) and the characteristic functions in Lp,q(Ω)
generated by An are denoted by χAn .
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4.1. Decomposition with respect to atoms
In this subsection, we introduce notations and summarize main results of this section.
There are 6 possible cases for the sequence {µ(An)}∞n=1:
(i) µ(An)→ 0 as n→∞;
(ii) µ(An)→∞ as n→∞;
(iii) 0 < lim
n→∞
µ(An) ≤ lim
n→∞
µ(An) <∞;
(iv) 0 = lim
n→∞
µ(An) < lim
n→∞
µ(An) <∞;
(v) 0 < lim
n→∞
µ(An) < lim
n→∞
µ(An) =∞;
(vi) 0 = lim
n→∞
µ(An) < lim
n→∞
µ(An) =∞.
Definition 4.1. The space ℓp,q({An}) is said to be of
(i) type ℓp,q,0 if it satisfies (i). If, in addition,
∑
µ(An) <∞ (resp.
∑
µ(An) =∞), then it is
called of type ℓp,q,0(F ) (resp. ℓp,q,0(I));
(ii) type ℓp,q,∞ if it satisfies (ii);
(iii) type ℓp,q,1 if it satisfies (iii).
Remark 4.2. Let (An)
∞
n=1 and (Bn)
∞
n=1 be atoms such that
0 < c ≤ µ(An)
µ(Bn)
≤ C <∞
for some positive constants c and C. Then,
ℓp,q({An}) ∼ ℓp,q({Bn}).
Indeed, one only needs to observe that, for any sequence (an)n≥1 ∈ ℓ∞ with finite non-zero
elements, we have∥∥∥∥∥∥
∑
n≥1
anχ[(
∑
k≤n cµ(Bn))−cµ(Bn),
∑
k≤n cµ(Bk))
∥∥∥∥∥∥
p,q
=
∥∥∥∥∥∥
∑
n≥1
anχ[(
∑
k≤n µ(An))−µ(An),
∑
k≤n µ(Ak))
∥∥∥∥∥∥
p,q
≤
∥∥∥∥∥∥
∑
n≥1
anχ[(
∑
k≤n Cµ(Bn))−Cµ(Bn),
∑
k≤n Cµ(Bk))
∥∥∥∥∥∥
p,q
.
This implies that {χAn} and {χBn} are equivalent unconditional bases in ℓp,q({An}) and in
ℓp,q({Bn}), respectively. In particular, for any space ℓp,q({An}) of type ℓp,q,1, the unconditional
basis {χAn} of ℓp,q({An}) is equivalent to the unit vector basis of ℓp,q.
We collect main results of this section below. The proof will be given later in the following
subsections. For the sake of convenience, we denote by A →֒ B (resp. A 6 →֒ B, A c−֒→ B) if
X →֒ Y (resp. X 6 →֒ Y , X c−֒→ Y ) for any Lp,q-space ℓp,q({An}) of type A and any Lp,q-space
ℓp,q({Bn}) of type B.
Theorem 4.3. If 1 < p <∞, 1 ≤ q <∞, p 6= q, then
(i) ℓp,q,0(I) 6 →֒ ℓp,q;
(ii) ℓp,q,∞
c−֒→ ℓp,q c−֒→ ℓp,q,0(I) and ℓp,q,0(F ) c−֒→ ℓp,q,0(I);
(iii) ℓp,q 6 →֒ ℓp,q,∞;
(iv) ℓp,q 6 →֒ ℓp,q,0(F );
(v) all spaces of type ℓp,q,0(I) (resp. ℓp,q,1) are isomorphic to Up,q (resp. ℓp,q);
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(vi) ℓq is isomorphic to a complemented subspace of all types: ℓp,q,1, ℓp,q,0(F ), ℓp,q,∞, ℓp,q,0(I).
Proof. The assertion (i) follows from Proposition 4.8 below.
The assertions ℓp,q
c−֒→ ℓp,q,0(I) and ℓp,q,0(F ) c−֒→ ℓp,q,0(I) in (ii) follow from Proposition 4.7.
The assertion ℓp,q,∞
c−֒→ ℓp,q in (ii) follows from Proposition 4.32.
The assertions (iii), (iv) and (v) follow from Proposition 4.24, Proposition 4.9 and Proposition
4.6 (and Remark 4.2), respectively.
The assertion (vi) is well-known (see e.g. [12, Corollary 2.4]).
The following corollary shows that any Lp,q-spaces of type (iv) (or (v) or (vi)) can be
decomposed as a direct sum of Lp,q-spaces of type ℓp,q,0, ℓp,q,1 and ℓp,q,∞.
Corollary 4.4. If ℓp,q({An}) is of type (iv) (or (v) or (vi)), then there exists X1 of type
ℓp,q,0, X2 of type ℓp,q,1 and X3 of type ℓp,q,∞ such that
ℓp,q({An}) ≈ X1 ⊕X2 ⊕X3.
Proof. We only prove the type (vi) case. All other cases are similar, and actually, simpler.
If for any positive number a such that
∑
µ(An)<a
µ(An) =∞. Then, ℓp,q({An}) is of Up,q [26,
Lemma 8.7] (see also Proposition 4.7 below).
Now, assume that there exists a positive number a such that
∑
µ(An)<a
µ(An) <∞.
Then, letting {Bn} = {An : µ(An) < a}, we obtain that ℓp,q({An}) ≈ ℓp,q({Bn})⊕ ℓp,q({An} \
{Bn}). Note that ℓp,q({Bn}) is of type ℓp,q,0(F ) and ℓp,q({An} \ {Bn}) is of type (v).
Now, we may assume that {An} satisfies the condition for type (v). Without loss of generality,
we may assume that lim
n→∞
µ(An) = 1. Firstly, we consider the case when for any positive number
a > 0, Card(n : µ(An) < a) <∞. In this case, ℓp,q({An}) is indeed of type ℓp,q,∞.
Now, assume that there exists a > 0 such that Card(n : µ(An) < a) =∞. Denote by
{ki}Ni=1 := {ki ∈ N : Card(n : ki ≤ µ(An) < ki + 1) =∞}, where N ∈ N ∪ {∞}.
For the sake of simplicity, we denote by {Bn} the union of all sets {An : ki ≤ µ(An) <
ki + 1, i ≥ 1 < N}, i ≥ 1. By Remark 4.2, we may assume that {Bn} consists of infinitely
many atoms of measure ki, 1 ≤ i < N . It is clear that ℓp,q c−֒→ ℓp,q({Bn}). On the other hand,
taking some suitable averaging operators, we obtain that
ℓp,q({Bn}) c−֒→ ℓp,q c−֒→ ℓp,q({Bn}).
Moreover, ℓp,q({Bn}) ≈ ℓp,q({Bn})⊕ ℓp,q({Bn}) and ℓp,q ≈ ℓp,q ⊕ ℓp,q. By Pe lczyn´ski decom-
position method [1, Theorem 2.2.3], we obtain that
ℓp,q({Bn}) ≈ ℓp,q.
Noting that ℓp,q({An} \ {Bn}) is of type ℓp,q,∞, we complete the proof.
The following corollary follows immediately from Corollary 4.4 and Propositions 4.7 and 4.32
below. Note that there are spaces of type ℓp,q,0(F ) (or ℓp,q,∞) isomorphic to ℓq or (⊕n≥1ℓnp,q)q.
Therefore, there exist spaces of type ℓp,q,0(F ) isomorphic to spaces of ℓp,q,∞.
Corollary 4.5. Any ℓp,q({An}) is of one of the following types (up to an isomorphism):
ℓp,q,1, ℓp,q,∞, ℓp,q,0(F ), ℓp,q,0(I), ℓp,q,0(F )⊕ ℓp,q,1, ℓp,q,0(F )⊕ ℓp,q,∞.
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Recall that Corollary 4.4 shows that any ℓp,q({An}) can be decomposed into the direct sum
of spaces of type ℓp,q,0(F ) (or ℓp,q,0(I)), of type ℓp,q,1 and of type ℓp,q,∞. In the following table,
we collect all possible isomorphic types of Lp,q-spaces of these fundamental types (i.e., ℓq,
ℓp,q,0(F ), ℓp,q,0(I), ℓp,q,1 and ℓp,q,∞). Below, ‘sometimes’ means that there exist Banach spaces
X1 and X2 of type A such that X1 ≈ Y and X2 6≈ Y for some space Y of type B.
We supply below all the references to Table 1.
The fact that ℓq 6≈ ℓp,q is trivial and folklore (see e.g. Corollary 4.29 and Proposition 4.32,
see also [38, Theorem 4.e.5]);
The assertions ℓp,q,0(I) 6≈ ℓq and ℓp,q,0(I) 6≈ ℓp,q follow from Proposition 4.8 and the fact that
ℓq →֒ ℓp,q [18];
For the relations between ℓq and ℓp,q(F ) (resp. ℓp,q,∞), see Theorem 4.18 (resp. Proposition
4.25 and Corollary 4.29);
The assertions ℓp,q 6 →֒ ℓp,q,0(F ) and ℓp,q,0(I) 6 →֒ ℓp,q,0(F ) (resp. ℓp,q,∞) follow from Proposi-
tion 4.9 (resp. Proposition 4.24);
The relation between ℓp,q,0(F ) and ℓp,q,∞ follows from Theorems 4.18, 4.19, Proposition
4.25 and Theorem 4.31.
X
Y
ℓq ℓp,q ℓp,q,0(I) ℓp,q,0(F ) ℓp,q,∞
ℓq − Never Never Sometimes Sometimes
ℓp,q Never − Never Never Never
ℓp,q,0(I) Never Never − Never Never
ℓp,q,0(F ) Sometimes Never Never − Sometimes
ℓp,q,∞ Sometimes Never Never Sometimes −
Table 1: When is X isomorphic to Y ?
4.2. The type ℓp,q,0(I) case
The following proposition is an immediate consequence of [26, Lemma 8.7] (see also [39,
Proposition 2.f.7]). It shows that all spaces of type ℓp,q,0(I) are isomorphic to each other.
Proposition 4.6. For any 1 < p <∞, 1 ≤ q <∞ and p 6= q. Assume that X and Y are
of type ℓp,q,0(I). Then, we have
X ≈ Y.
We adopt the notation in [26] and denote by Up,q a space of type ℓp,q,0(I). The following
proposition shows that Up,q is the ‘largest’ space among the all types of atomic Lp,q-spaces.
Proposition 4.7. For any 1 < p <∞, 1 ≤ q <∞ and p 6= q. Let a Banach space X be of
type ℓp,q,1, or ℓp,q,0(F ), or ℓp,q,0(I) or ℓp,q,∞. We have
Up,q ⊕X ≈ Up,q.
In particular, Up,q has a complemented subspace isometric to X .
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Proof. Let Up,q be an arbitrary space ℓp,q({An}) of type ℓp,q,0(I). It is obvious that for
ℓp,q({Bn}) of type ℓp,q,0(F ) (or ℓp,q,0(I) or ℓp,q,∞), {Cn} := {An} ∪ {Bn} satisfies that∑
µ(Cn)≤ε
µ(Cn) =∞
for any ε > 0. Hence, by [26, Lemma 8.7], Up,q ⊕ ℓp,q({Bn}) ≈ ℓp,q({An})⊕ ℓp,q({Bn}) ≈
ℓp,q({Cn}) ≈ Up,q and therefore, ℓp,q({Bn}) is a complemented subspace of Up,q.
The following proposition distinguishes ℓp,q from Up,q and strengthens the well-known result
that Lp,q(0,∞) 6 →֒ ℓp,q (see e.g. [32, 50]).
Proposition 4.8. Let 1 < p <∞, 1 ≤ q <∞ and p 6= q. Then
Up,q 6 →֒ ℓp,q.
Proof. By Proposition 4.6, without loss of generality, we may assume that {An} = ∪nBn,
where for each n ≥ 1, Bn = {Ank}∞k=1 is a set of infinitely many atoms of measure 1n .
Assume that there exists an isomorphism
T : X →֒ ℓp,q.
Let bn :=
1∥
∥
∥
∥χ(0, 1
n
)
∥
∥
∥
∥
p,q
. In particular, bn →∞ as n→∞.
Fix a number ε1 > 0. When n = 1, we define an element x
1
1 ∈ ℓp,q with finite-rank support
such that ∥∥∥x11 − T (b1χA11)
∥∥∥
p,q
≤ ε1.
Let n = 2. Since
{
bnχAn
k
}∞
k=1
is weakly null, it follows that there exists a subset of
{χAn
k
(n)
j
}1≤j≤n of {χAnk }k and mutually disjoint elements xnj ∈ ℓp,q, which are also disjoint
with x11, such that ∥∥∥∥T (bnχAn
k
(n)
j
)− xnj
∥∥∥∥
p,q
≤ 1
2j+1
εn.
Arguing inductively, for any given sequence {εn}, we construct a sequence{
T (b1χA11), T (b1χA2
k
(2)
1
), T (b1χA2
k
(2)
2
), T (b1χA3
k
(3)
1
), · · · , T (b1χAn
k
(n)
1
), · · ·T (b1χAn
k
(n)
n
), · · ·
}
such that ∥∥∥∥T (bnχAn
k
(n)
j
)− xnj
∥∥∥∥
p,q
≤ 1
2j+1
εn, (4.1)
where xnj ∈ ℓp,q, 1 ≤ j ≤ n, n ≥ 1, are mutually disjoint. In particular, for each n, we have∥∥∥∥∥∥
n∑
j=1
T (bnχAnkj
)−
n∑
j=1
xnj
∥∥∥∥∥∥
p,q
(4.1)
≤ εn. (4.2)
Note that ∥∥∥∥∥∥
n∑
j=1
bnχAn
k
(n)
j
∥∥∥∥∥∥
p,q
= bn. (4.3)
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We obtain that
∥∥T−1∥∥−1 bn ≤
∥∥∥∥∥∥T

 n∑
j=1
bnχAn
k
(n)
j


∥∥∥∥∥∥
p,q
≤ ‖T ‖ bn
and, by (4.2), we have
∥∥T−1∥∥−1 bn − εn ≤
∥∥∥∥∥∥
n∑
j=1
xnj
∥∥∥∥∥∥
p,q
≤ ‖T ‖ bn + εn.
That is,
∥∥T−1∥∥−1 − εn/bn ≤ ∥∥∥∑nj=1 xnjbn
∥∥∥
p,q
≤ ‖T ‖+ εn/bn. By (4.2), one can choose {εn}n such
that (see e.g. [1, Theorem 1.3.9])

n∑
j=1
T (χAnkj
)


n
∼
{∑n
j=1 x
n
j
bn
}
n
.
Note that {xnj }n,j are mutually disjoint and uniformly bounded. Since bn →n ∞, we obtain
that ∑n
k=1 x
n
k
bn
→ 0 in the uniform norm
as n→∞. By Lemma 2.1, there exists a subsequence {bnj}j of {bn}n such that
{∑nj
k=1 x
nj
k
bnj
}
j
∼
{eℓqj }j . We obtain that
j1/p ∼
∥∥T (χ(0,j))∥∥p,q ∼
∥∥∥∥∥
∑1
k=1 x
1
k
b1
⊕
∑n2
k=1 x
n2
k
bn2
· · · ⊕
∑nj
k=1 x
nj
k
bnj
∥∥∥∥∥
p,q
∼ j1/q,
which is impossible whenever p 6= q.
4.3. The ℓp,q,0(F ) case
In this section, without loss of generality, we always assume that
∑∞
n=1 µ(An) = 1 and
µ(An) ≥ µ(An+1) for every n. Let bn :=
∑∞
k=n µ(Ak). In particular, ℓp,q({An}) can be identified
as the subspace of Lp,q(0, 1) generated by intervals [bn+1, bn).
The following is a direct consequence of results in [32, 50].
Proposition 4.9. Let 1 < q <∞, 1 ≤ q <∞, p 6= q. Let X be a space of type ℓp,q,0(F ).
Then,
ℓp,q 6 →֒ X.
In particular, Up,q 6 →֒ X .
Proof. Assume by contradiction that ℓp,q →֒ X . Note that X →֒ Lp,q(0, 1). Hence, ℓp,q →֒
Lp,q(0, 1), which is a contradiction to the fact that ℓp,q 6 →֒ Lp,q(0, 1) (see [32, Corollary 8 and
Theorem 10] and [50, Theorem 9]).
It is well-known that for any sequence of disjointly supported normalized elements in
Lp,q(0, 1), there exists a subsequence equivalent to the unit vector basis of ℓq [18, Theorem 5]
(see also [12]). The proposition below provides a quantitative version of this result, providing
a criterion for the sequence of disjointly supported normalized characteristic functions in
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Lp,q(0, 1) to be equivalent to the unit vector basis of ℓq. The main tools used in the proof below
are the Hardy–Littlewood inequality [7, Chapter II, Theorem 2.2] and its generalization [44,
Theorem 8.2] (see also [19, Proposition 2.3]). Note that the following result holds true for
0 < p 6= q <∞.
Proposition 4.10. Let 1 < p <∞, 1 ≤ q <∞, p 6= q. Let 0 < · · · < bn+1 < bn < · · · <
b1 = 1 and µ(An) := bn − bn+1 ≥ µ(An+1) := bn+1 − bn+2 for all n. Let Bn =
∥∥χ(bn+1,bn]∥∥p,q =
(bn − bn+1)1/p. Then, {B−1n χ(bn+1,bn]} in Lp,q(0, 1) is equivalent to {eℓqn } if supn bn+1bn < 1. In
particular, ℓp,q({An}) ≈ ℓq if supk µ(Ak+1)µ(Ak) < 1.
On the other hand, if limn→∞
bn+1
bn
= 1, then {B−1n χ(bn+1,bn]}∞n=1 in Lp,q(0, 1) is not
equivalent to {eℓqn }.
Proof. Let x =
∑
n≥1 anB
−1
n χ(bn+1,bn] for an arbitrary sequence (an) with finitely many
non-zero elements.
Assume first that p ≥ q ≥ 1. By the Hardy–Littlewood inequality [7, Chapter II, Theorem
2.2], we obtain that
∫1
0
x∗(s)qdsq/p ≥
∫1
0
|x(s)|qdsq/p =
∑
n≥1
|an|qB−qn (bq/pn − bq/pn+1). (4.4)
We have
‖x‖qp,q = ‖|x|q‖p/q,1
(4.4)
≥
∑
n≥1
|an|qB−qn (bq/pn − bq/pn+1) =
∑
n≥1
|an|q
b
q/p
n − bq/pn+1
(bn − bn+1)q/p
.
Since supn
bn
bn+1
< 1, it follows that infn
bq/pn −bq/pn+1
(bn−bn+1)q/p > 0. We obtain that
‖x‖p,q ≥
(
inf
m
b
q/p
m − bq/pm+1
(bm − bm+1)q/p
)1/q
· ‖(an)‖q .
On the other hand, by the p-convexity of Lp,q-spaces (see e.g. [18, Eq.(17)] for the case when
1 ≤ q ≤ p <∞ and the case when q < 1 follows from [21, Proposition 3.1.(6)]), we have
‖x‖p,q ≤

∑
n≥1
∥∥anB−1n χ(bn+1,bn]∥∥qp,q


1/q
= ‖(an)‖q .
We conclude that {B−1n χ(bn+1,bn]}n ∼ {eℓqn }n.
Assume that limn
bn+1
bn
= 1. Let xn :=
∑
k≥n BkB
−1
k χ(bk+1,bk] =
∑
k≥n χ(bk+1,bk]. Note that
‖xqn‖p/q,1 =
∫ 1
0
|xn(s)|qdsq/p =
∑
k≥n
|Bk|q
b
q/p
k − bq/pk+1
(bk − bk+1)q/p ≤ supk≥n
b
q/p
k − bq/pk+1
(bk − bk+1)q/p
∑
k≥n
Bqk.
Since limn→∞
bn+1
bn
= 1, it follows that(
‖xn‖p,q
‖(Bk)k≥n‖q
)q
=
‖xqn‖p/q,1
‖(Bk)k≥n‖qq
≤ sup
k≥n
b
q/p
k − bq/pk+1
(bk − bk+1)q/p → 0, as n→∞.
This implies that {B−1n χ(bn+1,bn]} in Lp,q(0, 1) is not equivalent to {eℓqn } in ℓq.
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Now, we assume that q > p > 1. By [44, Theorem 8.2], we obtain that∫1
0
x∗(s)qdsq/p ≤
∫1
0
|x(s)|qdsq/p =
∑
n≥1
|an|qB−qn (bp/qn − bq/pn+1)
=
∑
n≥1
|an|q
b
q/p
n − bq/pn+1
(bn − bn+1)q/p
= ‖(an)‖qq sup
n
b
q/p
n − bq/pn+1
(bn − bn+1)q/p
.
Since supn
bn
bn+1
< 1 and qp > 1, it follows that infn
bq/pn −bq/pn+1
(bn−bn+1)q/p <∞. This shows that ‖x‖p,q &‖(an)‖q. On the other hand, by the q-concavity (see e.g. [18, Theorem 3] for the case when
1 < p < q <∞ and the case when p ≤ 1 follows from [21, Proposition 3.1.(6)]), we have
‖x‖p,q ≥
( ∞∑
i=1
∥∥anB−1n χ(bn+1,bn]∥∥qp,q
)1/q
=
( ∞∑
i=1
aqn
)1/q
= ‖(an)‖q .
Assume that limn
bn+1
bn
= 1. Let xn :=
∑
k≥nBkB
−1
k χ(bk+1,bk] =
∑
k≥n χ(bk+1,bk]. Note that
‖xqn‖p/q,1 =
∫1
0
|xn(s)|qdsq/p =
∑
k≥n
|Bk|q
b
q/p
k − bq/pk+1
(bk − bk+1)q/p ≥ infk≥n
b
q/p
k − bq/pk+1
(bk − bk+1)q/p
∑
k≥n
Bqk.
Since limn→∞
bn+1
bn
= 1, it follows that(
‖xn‖p,q
‖(Bk)k≥n‖q
)q
=
‖xqn‖p/q,1
‖(Bk)k≥n‖qq
≤ inf
k≥n
b
q/p
k − bq/pk+1
(bk − bk+1)q/p →∞, as n→∞.
This implies that {B−1n χ(bn+1,bn]} in Lp,q(0, 1) is not equivalent to {eℓqn } in ℓq.
Example 4.11. Theorem 4.10 above shows that if a sequence of atoms {An} is such that
µ(An) =
1
2n , n ≥ 1, then the normalized basis of {χAn} is equivalent to the unit vector basis
of ℓq.
Proposition 4.10 gives a criterion for the basis generated by χAn to be equivalent to the
natural basis of ℓq. In Theorem 4.18 below, we show that there exists X of type ℓp,q,0(F ),
which is not isomorphic to ℓq.
Recall the following important result due to Lindenstrauss and Zippin (see [38, Theorem
2.b.9] or [40]).
Lemma 4.12. ℓ1 has a unique unconditional basis up to equivalence.
Lemma 4.12 and Proposition 4.10 immediately imply that there exist Banach spaces of type
ℓp,1,0(F ) which are not isomorphic to ℓ1. We prove below a slightly stronger result.
Corollary 4.13. Let p > 1. If lim supa→0Card({An : µ(An) = a}) =∞, then
ℓp,1({An}) 6 c−֒→ ℓ1.
Proof. If lim supa→0Card({An : µ(An) = a}) =∞, then there exists a decreasing sequence
{ak} such that Card({An : µ(An) = ak})→k ∞. We denote by Bk := {An : µ(An) = ak}, k =
1, 2, · · · . Assume that ℓp,q({An}) c−֒→ ℓ1. Since ℓp,q({An}) is infinite-dimensional, it follows that
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ℓp,q({An}) ≈ ℓ1 [38, p.57]. By the uniqueness of the unconditional basis of ℓ1, we obtain that{
χAn
‖An‖p,1
}
n
∼ {eℓ1n }n. However,
|Bk| =
∥∥∥∥∥∥
|Bk|∑
i=1
eℓ1i
∥∥∥∥∥∥
1
∼
∥∥∥∥∥
∑
An∈Bk
χAn
‖An‖p,1
∥∥∥∥∥
p,1
= |Bk|1/p,
which is impossible when |Bk| → ∞.
Under the same condition in Corollary 4.13, we ascertain the lack of isomorphic embedding
ℓp,q({An}) into ℓq when 1 < p < min{2, q} or p > max{2, q} or p 6= q > 2.
Proposition 4.14. Let {An} be such that lim supa→0 Card({An : µ(An) = a}) =∞. If
1 < p < min{2, q} or p > max{2, q} or p 6= q > 2, then
ℓp,q({An}) 6 →֒ ℓq.
Proof. The condition lim supa→0 Card({An : µ(An) = a}) =∞ implies that there exists a
sequence of subsets {Bkn}1≤n≤nk of {An} such that µ(Bkn) = ak and ak → 0 as k →∞, where
nk := Card({An : µ(An) = ak}).
Note that ℓp,q({Bkn}1≤n≤nk) is isometric to ℓnkp,q, it follows that ℓp,q({An}) contains ℓnkp,q
uniformly. By Corollary 3.3, ℓp,q({An}) 6 →֒ ℓq.
Corollary 4.15. For any 1 < p <∞, 1 ≤ q <∞ and p 6= q, if lim supa→0 Card({An :
µ(An) = a}) =∞, then ℓp,q({An}) 6 c−֒→ ℓq.
Proof. By Propositions 4.14 and Corollary 4.13, the only remaining case is when 1 < q <
p ≤ 2.
Assume that ℓp,q({An}) c−֒→ ℓq. Then, letting 1p + 1p′ = 1 and 1q + 1q′ = 1, we have that
ℓp′,q′({An}) can be identified with the dual of ℓp,q({An}) [7, Chapter IV, Corollary 4.8]. Hence,
ℓp′,q′({An}) c−֒→ ℓq′ ,
which is a contradiction with Proposition 4.14.
A sequence {An} of atoms in a measure space (Ω1,Σ1, µ1) is said to be equivalent to
a sequence {Bn} of atoms in a measure space (Ω2,Σ2, µ2) if {µ1(An)} ∼ {µ2(Bn)}. By
Corollary 4.15 and Remark 4.2, we obtain the following result.
Corollary 4.16. For any 1 < p <∞, 1 ≤ q <∞ and p 6= q, if {An} is equivalent to a set
{Bn} of atoms such that lim supa→0 Card({Bn : µ(Bn) = a}) =∞, then
ℓp,q({An}) 6 c−֒→ ℓq.
Example 4.17. Let {An} be such that µ(An) = 1n − 1n+1 for all n ≥ 1. We claim that
ℓp,q({An}) 6 c−֒→ ℓq. Indeed, let Bk :=
{
An :
1
2k+1 ≤ An < 12k
}
=
{
An : 2
k < n(n+ 1) ≤ 2k+1}.
Clearly, |Bk| →k ∞. Let {Ck} be a sequence of atoms such that {Ck : µ(Ck) = 12n } = |Bn|.
We obtain that
{Ak} ∼ {Ck}.
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By Corollary 4.16, we obtain that ℓp,q({An}) 6 c−֒→ ℓq.
The following theorem provides a necessary and sufficient condition for a space of type
ℓp,q,0(F ) to be isomorphic to ℓq.
Theorem 4.18. Let 1 < p <∞, 1 ≤ q <∞ and p 6= q. Let An be atoms such that∑∞
n=1 µ(An) = 1 and µ(An) ≥ µ(An+1) for any n. Then, X := ℓp,q({An}) satisfies one of the
followings:
(i) X ≈ ℓq if {Ak} is equivalent to a set of atoms {Bn} which satisfies supk µ(Bk+1)µ(Bk) < 1.
(ii) X contains ℓnp,q, n ≥ 1, uniformly if {An} is not equivalent to a set of atoms {Bn} which
satisfies supk
µ(Bk+1)
µ(Bk)
= 1. In this case, X 6≈ ℓq.
Proof. The first case follows from Proposition 4.10.
Assume {An} is not equivalent to a sequence of atoms {Bn} which satisfies supk µ(Bk+1)µ(Bk) = 1.
We claim that for any a < 1,
sup
k
Card(ak+1 ≤ µ(An) < ak) =∞.
Otherwise, assume that there exists a < 1 such thatN := supk Card(a
k+1 ≤ µ(An) < ak) <∞.
When k = 0, let N0 := Card(a ≤ µ(An) < 1). For index 1 ≤ i ≤ N0, let atoms Bi be such
that µ(Bi) = a
i
N0 .
When k = 1, let N1 := Card(a
2 ≤ µ(An) < a). For N0 + 1 ≤ i ≤ N0 +N1, let atoms Bi be
such that µ(Bi) = a
1+
i−N0
N1 .
Constructing inductively, we obtain a sequence {Bn} which is equivalent to {An}. Moreover,
µ(Bn+1)
µ(Bn)
< a
1
N < 1, which is a contradiction with the assumption. Hence,
sup
k
Card(ak+1 ≤ µ(An) < ak) =∞.
This implies that X contains ℓnp,q (see Remark 4.2), n ≥ 1, uniformly. Applying Corollary 4.16,
we complete the proof.
We identify below an important subspace of Lp,q(0, 1).
Theorem 4.19. Let 1 < p <∞, 1 ≤ q <∞ and p 6= q. Let {ni} be an increasing sequence.
Then, there exists a space X of type ℓp,q,0(F ) such that
X ≈ (⊕iℓnip,q)q .
In particular, Lp,q(0, 1) contains a subspace isomorphic to
(⊕iℓnip,q)q.
Proof. Let bn =
1∏
1≤i≤n(ni+1)
. Let Aik, 1 ≤ k ≤ ni, be mutually disjoint left-closed and
right-open intervals such that µ(Aik) = bi and ∪1≤k≤niAik = [bi, bi−1), ∪1≤k≤n1A1k = [b1, 1). In
particular,
bi = bi+1ni+1 + bi+1,
∑
1≤k≤ni
µ(Aik) = bini
and
1 = b1(n1 + 1) = b1n1 + b1 = b1n1 + b2n2 + b2 = · · · =
∑
i≥1
bini =
∑
1≤k≤ni, i≥1
µ(Aik).
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Define X := ℓp,q({An}).
Let p > q (the case for q > p follows from a similar proof). For any sequence a :=
(a11, · · · , a1n1 , a21, · · · , a2n2 , · · · ) of finite non-zero numbers (without loss of generality, we may
assume that for every i, ai := (ai1, · · · , aini) is non-increasing), by the Hardy–Littlewood
inequality, letting x :=
∑
1≤k≤ni,i≥1
aik
χAik∥∥∥χAik
∥∥∥
p,q
, we obtain that
∫1
0
x∗(s)qdsq/p ≥
∫1
0
|x(s)|qdsq/p =
∫1
b1
∑
1≤k≤n1
(a1k)
q
χA1k∥∥∥χA1
k
∥∥∥q
p,q
dsq/p +
∑
i≥1
∫ bi
bi+1
|x(s)|qdsq/p
=
∫n1+1
1
∑
1≤k≤n1
|a1k|qχ[k,k+1)dsq/p +
∑
i≥2
∫ni+1
1
∑
1≤k≤ni
|aik|qχ[k,k+1)dsq/p.
Note that {(k + 1)q/p − kq/p}k≥1 ∼ {kq/p − (k − 1)q/p}k≥1, we obtain that∫1
0
x∗(s)qdsq/p & ‖x‖q
(⊕ℓnjp,q)ℓq
.
On the other hand, by the q-convexity of Lp,q (see e.g. [18, Eq.(17)]), we obtain that
‖x‖X ≤

∑
i≥1
∥∥(ai)∥∥q
ℓ
ni
p,q


1/q
.
Hence, the unconditional basis of X is equivalent to the unconditional basis of (⊕ℓnjp,q)q, which
completes the proof.
Now, we show below that for any increasing sequence {ni}∞i=1, all spaces
(⊕iℓnip,q)q are
isomorphic to each other.
Proposition 4.20. Let 1 < p <∞, 1 ≤ q <∞ and p 6= q. Let {ni} be an increasing
sequence. The space
(⊕iℓnip,q)q does not rely on the choice of the sequence {ni} (up to an
isomorphism).
Proof. Let {kj} be a sequence of natural numbers, which contains infinitely many entries
equal to n for every n ≥ 1.
Let U := (⊕jℓkjp,q)q. It is clear that
U ⊕ U = U. (4.5)
Let X :=
(⊕iℓnip,q)q. In particular, we have
X ⊕ U ≈ U. (4.6)
Note that U is isomorphic to a complemented subspace of X . Therefore, there exists a Banach
space Y such that X ≈ U ⊕ Y . Hence, we have
U
(4.6)≈ X ⊕ U ≈ (U ⊕ Y )⊕ U (4.5)≈ U ⊕ Y ≈ X.
This completes the proof.
Remark 4.21. We know that ℓq ⊕ ℓp,q ≈ ℓp,q. It is interesting to note that there exist some
other spaces of type ℓp,q,0(F ) which can be ‘absorbed’ by ℓp,q.
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Assume that atoms An satisfy that µ(An) =
1
n2 . Let atoms Bn satisfy that µ(Bn) =
1
(2n)2
and atoms Cn satisfy that µ(Cn) =
1
(2n−1)2 .
Since
1
n2
≥ 1
(2n− 1)2 ≥
1
(2n)2
=
1
4n2
for every n, it follows that (see Remark 4.2)
ℓp,q({An}) ≈ ℓp,q({Bn}) ≈ ℓp,q({Cn}).
Note that ℓp,q({An}) ≈ ℓp,q({Bn})⊕ ℓp,q({Cn}). We obtain that ℓp,q({An}) ≈ ℓp,q({An})⊕
ℓp,q({An}). In particular, by Pe lczyn´ski decomposition method [1, Theorem 2.2.3], we obtain
that ℓp,q ≈ ℓp,q ⊕ ℓp,q({An}).
Remark 4.22. It is clear that when the atoms An such that µ(An) =
1
nα , α > 1,
(⊕n≥1ℓnp,q)
c−֒→ ℓp,q({An}). Indeed, let {Bn} be a sequence of atoms such that µ(B1) =
1
2 , µ(B2) = µ(B3) =
1
3µ(B1) =
1
6 , µ(B4) = µ(B5) = µ(B6) =
1
4µ(B2) =
1
24 , · · · . In particular,
there are n’s many Bk such that µ(Bk) =
1∏
1≤i≤n(i+1)
. Note that ℓp,q({Bn}) ≈ (⊕∞i=1ℓip,q)q (see
the proof of Theorem 4.19). Let nk = [(
∏
1≤i≤k(i+ 1))
1/α]− 1, where [(∏1≤i≤k(i+ 1))1/α]
is the smallest integer not less than (
∏
1≤i≤k(i+ 1))
1/α. Note that (2nk)
α ≥ (nk + 1)α ≥∏
1≤i≤k(i+ 1) ≥ c(α)kα (here, c(α) is a constant depending on α only). In particular,
2
c(α)
1
α
nk ≥ k. We obtain that
1
(1 + 2
c(α)
1
α
)α
∏
1≤i≤k(i+ 1)
≤ 1
(1 + 2
c(α)
1
α
)α(nk)α
=
1
(nk +
2
c(α)
1
α
nk)α
≤ 1
(nk + k − 1)α ≤
1∏
1≤i≤k(i+ 1)
.
This implies that ∪k≥1{Ank , Ank+1, · · · , Ank+k−1} is equivalent to {Bk}k≥1, and therefore,
(⊕n≥1ℓnp,q)
c−֒→ ℓp,q({An}).
Question 4.23. It will be interesting to classify all spaces ℓp,q({An}) of this type (up to
an isomorphism). That is, letting atoms An be such that µ(An) =
1
nα , α > 1, and atoms Bn
be such that µ(Bn) =
1
nβ
, β > 1, α 6= β, does
ℓp,q({An}) ≈ ℓp,q({Bn})?
4.4. The ℓp,q,∞ case
Without loss of generality, we always assume in this subsection that
∑∞
n=1 µ(An) =∞ and
µ(An) ≤ µ(An+1) for every n. Let bn :=
∑
k≤n µ(Ak). Then, ℓp,q({An}) can be identified as the
subspace of Lp,q(0,∞) generated by intervals [bn, bn+1). The proofs of results in this subsection
are very similar to those for ℓp,q,0(F ). Therefore, some of the proofs are omitted.
Proposition 4.24. Let 1 < p <∞, 1 ≤ q <∞ and p 6= q. If X is of type ℓp,q,∞, then
ℓp,q 6 →֒ X.
In particular, Up,q 6 →֒ X .
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Proof. Assume by contradiction that there exists an isomorphism T : ℓp,q →֒ X . Note that
e
ℓp,q
k →֒k 0 weakly in ℓp,q. Hence, T (eℓp,qk )→k 0 weakly in X . By the Bessaga–Pe lczyn´ski
Selection Principle [1, Proposition 1.3.10], passing to a subsequence if necessary, we obtain
that {eℓp,qk } in ℓp,q is equivalent to a block basic sequence of the unconditional basis
{
χAk
‖χAk‖
}
k
in X . Since µ(An)→∞, it follows that {T (eℓp,qk )}k in X goes to 0 in the uniform norm. Hence,
there exists a subsequence of {T (eℓp,qk )}k equivalent to {eℓqk }. This implies that {eℓp,qk } in ℓp,q
is equivalent to {eℓqk } in ℓq, which is impossible.
The following proposition can be established along the same line as in the proof of Proposition
4.10 and therefore its proof is omitted. Note that the following result holds true for 0 < p, q <
∞, p 6= q.
Proposition 4.25. Let 1 < p <∞, 1 ≤ q <∞, p 6= q. Let 0 = b1 < · · · < bn <
bn+1 < · · · → ∞. Let Bn =
∥∥χ(bn,bn+1]∥∥p,q = (bn+1 − bn)1/p. Then, the normalized basis
{B−1n χ(bn,bn+1]} in Lp,q(0,∞) is equivalent to {eℓqn } if supn bnbn+1 < 1. In particular,
ℓp,q({An}) ≈ ℓq if supn
∑n
k=1 µ(Ak)∑n+1
k=1 µ(Ak)
< 1, where µ(An) = bn+1 − bn.
On the other hand, if limn→∞
bn+1
bn
= 1, then {B−1n χ(bn+1,bn]} in Lp,q(0, 1) is not equivalent
to {eℓqn }.
The following results follow from the same argument in the proof of Corollaries 4.13, 4.15
and 4.16, Proposition 4.14.
Corollary 4.26. Let 1 < p <∞, 1 ≤ q <∞ and p 6= q. If lim supa→0 Card({An :
µ(An) = a}) =∞, then ℓp,q({An}) 6 c−֒→ ℓ1.
Proposition 4.27. Let {An} be such that lim supa→0 Card({An : µ(An) = a}) =∞. If
1 < p < min{2, q} or p > max{2, q} or p 6= q > 2, then
ℓp,q({An}) 6 →֒ ℓq.
Corollary 4.28. For any 1 < p <∞, 1 ≤ q <∞ and p 6= q, if lim supa→0 Card({An :
µ(An) = a}) =∞, then ℓp,q({An}) 6 c−֒→ ℓq.
Corollary 4.29. For any 1 < p <∞, 1 ≤ q <∞ and p 6= q, if {An} is equivalent to a set
{Bn} of atoms such that lim supa→0 Card({Bn : µ(Bn) = a}) =∞, then
ℓp,q({An}) 6 c−֒→ ℓq.
Example 4.30. Let {An} be such that µ(An) = n for all n ≥ 1. Let Bk :={
An : 2
k ≤ An < 2k+1
}
=
{
An : 2
k < n ≤ 2k+1}. Clearly, |Bk| →k ∞ and {Ak} ∼ {Ck}, where
there are |Bn|’s many Ck such that µ(Ck) = 2n. Hence, we obtain that ℓp,q({An}) 6 c−֒→ ℓq.
An argument similar to that in Theorem 4.19 yields the following result.
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Theorem 4.31. Let 1 < p <∞, 1 ≤ q <∞ and p 6= q. Let {ni} be an increasing sequence.
Then, there exists a space X of type ℓp,q,∞ such that
X ≈ (⊕iℓnip,q)q .
In particular, X is isomorphic to a space of type ℓp,q,0(F ) and Lp,q(0, 1) contains X .
Recall that Proposition 4.7 shows that all spaces ℓp,q({An}) can be absorbed by Up,q. The
following proposition shows that all X of type ℓp,q,∞ can be absorbed by ℓp,q, which follows in
fact from [38, Proposition 3.a.5].
Proposition 4.32. For any 1 < p <∞, 1 ≤ q <∞ and p 6= q, if X := ℓp,q({An}) is of
type ℓp,q,∞, then
X ⊕ ℓp,q ≈ ℓp,q.
In particular, ℓp ⊕ ℓp,q ≈ ℓp,q and
(⊕∞i=1ℓip,q)q ⊕ ℓp,q ≈ ℓp,q.
5. Isomorphic classification of Lp,q: general σ-finite case with a non-trivial atomless part
In this section, we consider Lp,q-spaces on a general σ-finite measure space with a non-trivial
atomless part.
We state below results of isomorphic classification of Lp,q-spaces obtained in this section and
supply the proof which is also based on a number of results given later in this subsection.
Theorem 5.1. Let 1 < p <∞, 1 ≤ q <∞, p 6= q. Let (Ω,Σ, µ) be a σ-finite measure space
which is not purely atomic. Then, Lp,q(Ω) is of one of the following types (up to an isomorphism)
Lp,q(0, 1), Lp,q(0,∞), Lp,q(0, 1)⊕ Up,q, Lp,q(0, 1)⊕ ℓp,q, Lp,q(0, 1)⊕ ℓp,q,∞.
Proof. By Corollary 5.9, Lp,q(0,∞)⊕ Lp,q(Ω1) ≈ Lp,q(0,∞) for any atomic σ1-finite mea-
sure space Ω1. Hence, if the atomless part of the measure space Ω has infinite measure, then
Lp,q(Ω) ≈ Lp,q(0,∞).
If the atomless part of the measure Ω has finite measure, then, by Corollary 4.5, all logically
possible types of Lp,q(Ω) are the following (up to an isomorphism):
Lp,q(0, 1), Lp,q(0, 1)⊕ ℓp,q, Lp,q(0, 1)⊕ ℓp,q,∞, Lp,q(0, 1)⊕ ℓp,q,0(F ),
Lp,q(0, 1)⊕ Up,q, Lp,q(0, 1)⊕ ℓp,q,0(F )⊕ ℓp,q, Lp,q(0, 1)⊕ ℓp,q,0(F )⊕ ℓp,q,∞.
By Proposition 5.5, we obtain that
Lp,q(0, 1)⊕ ℓp,q,0(F ) ≈ Lp,q(0, 1).
Hence, if the atomless part of the measure Ω has finite measure, then Lp,q(Ω) is of one of the
following types (up to an isomorphism):
Lp,q(0, 1), Lp,q(0, 1)⊕ ℓp,q, Lp,q(0, 1)⊕ ℓp,q,∞, Lp,q(0, 1)⊕ Up,q.
This completes the proof.
Indeed, in this section, we obtain results for isomorphic embeddings between different types
of Lp,q, which are collected in the following table. We supply below all the references to every
line in this table (from left to the right). Note that whenever X →֒ Y in the following table, X
is indeed isomorphic to a complemented subspace of Y .
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The assertion in the 1st line follows from Proposition 4.24, Proposition 4.7, [32, 50], the
discussion in Section 2, a trivial observation, Proposition 4.7, respectively.
The assertion in the 2nd line follows from Theorem 4.31, Proposition 4.7, Theorem 4.19, the
discussion in Section 2, Theorem 4.19, Theorem 4.19, respectively.
The assertion in the 3rd line follows from Proposition 4.8, Proposition 4.24, Proposition 4.7
and [32, 50], the discussion in Section 2, Theorem 5.7, a trivial observation, respectively.
The assertion in the 4th line follows from Theorem 5.3, Theorem 5.3, Theorem 5.3, the
discussion in Section 2, a trivial observation, a trivial observation, respectively.
The assertion in the 5th line follows from Theorem 5.3, Theorem 5.3, Theorem 5.3, Corollary
5.8, Corollary 5.8, Corollary 5.8, respectively.
The assertion in the 6th line follows from Theorem 5.3, Theorem 5.3, Theorem 5.3, [32, 50],
the discussion in Section 2, Proposition 4.7, respectively.
The assertion in the 7th line follows from Theorem 5.3, Theorem 5.3, Theorem 5.3,
Proposition 4.7 and [32, 50], the discussion in Section 2, Theorem 5.7, a trivial observation,
respectively.
X
Y
ℓp,q (⊕∞n=1ℓ
n
p,q
)q Up,q Lp,q(0, 1) Lp,q(0,∞)
Lp,q(0, 1)
⊕
ℓp,q
Lp,q(0, 1)
⊕
Up,q
ℓp,q − No Yes No Yes Yes Yes
(⊕∞
n=1
ℓn
p,q
)q Yes - Yes Yes Yes Yes Yes
Up,q No No − No Yes No Yes
Lp,q(0, 1) No No No − Yes Yes Yes
Lp,q(0,∞) No No No No − No No
Lp,q(0, 1)
⊕
ℓp,q
No No No No Yes − Yes
Lp,q(0, 1)
⊕
Up,q
No No No No Yes No −
Table 2: Does X embed into Y ?
When p > q = 2, every subspace of Lp,q(0, 1) contains ℓ2, which presents additional technical
obstacles in the proof for Theorem 5.3. To resolve this case, we need the following proposition,
which can be obtained by the same construction in [12, Lemma 21] and [18, Proposition 1].
The result remains valid for weighted Lorentz sequence spaces [38, Proposition 4.e.3].
Proposition 5.2. Let p > 2. Let {xi}i ⊂ Lp,2(0,∞) be a sequence of normalized disjointly
supported elements which converges to 0 in measure. Then, for any ε ∈ (0, 1), there exists an
integer n such that for any i ≥ n, we have
(1− ε)
√
λ21 + λ
2
2 ≤ ‖λ1x1 + λ2xn‖p,2 ≤
√
λ21 + λ
2
2, ∀(λ1, λ2) ∈ R2.
Recall that Lp(0, 1) →֒ ℓp if and only if p = 2 [6, Ch. XII, Theorem 9]. This result was
extended to the setting of Orlicz spaces by Lindentrauss and Tzafriri, see [39, Theorem 2.c.14]
and [37]. Theorem 5.3 below is a Lorentz space counterpart of these two theorems.
Before proceeding to Theorem 5.3 below, recall the definition of dilation operators [31, 39].
If τ > 0, the dilation operator στ is defined by setting στf(s) = f(s/τ), s > 0, in the case of
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the semi-axis. For a function on the interval (0, 1), the operator στ is defined by
στf(s) =
{
f(s/τ), s ≤ min{1, τ},
0, otherwise.
Theorem 5.3. Let 1 < p <∞ and 1 ≤ q ≤ ∞ and let {An}∞n=1 be a sequence of atoms
with finite measures. Then,
Lp,q(0, 1) →֒ ℓp,q({An})
if and only if p = q = 2.
Proof. Without loss of generality, we may assume that ℓp,q({An}) = Up,q. It is well-known
that if p = q, then ℓp,q(An) is isomorphic to ℓq. By [53, Theorem 1], we have Lp(0, 1) →֒ ℓp if
and only if p = 2. Hence, we may always assume that p 6= q.
(1) Let 1 < p < 2. Assume by contradiction that Lp,q(0, 1) →֒ ℓp,q. Then, ℓr →֒ Lp,q(0, 1) →֒
Up,q for any p < r ≤ 2 [18, Theorem 11]. Applying [18, Theorem 11], we obtain that for any
r ∈ (p, 2], ℓr contains ℓq, which is impossible when r 6= q [1, Corollary 2.1.6].
(2) Let q 6= 2. Assume by contradiction that Lp,q(0, 1) →֒ Up,q. Then, ℓ2 →֒ Lp,q(0, 1) →֒ Up,q
[18, Theorem 11]. Let T be an isomorphism from ℓ2 into Up,q. Since the unit vector basis of ℓ2
is weakly null, it follows the Bessaga–Pe lczyn´ski selection principle [1, Proposition 1.3.10] that,
passing to a subsequence if necessary, we may assume that T (eℓ2n ) are disjoint supported in
Up,q. Hence, by [18, Theorem 5], ℓ2 contains a subspace isomorphic to ℓq, which is impossible [1,
Corollary 2.1.6].
(3) Let p > q = 2.
Let T be an isomorphism from Lp,2(0, 1) into Up,q. For the sake of convenience, we may
assume, in addition, that the image of the Haar basis of Lp,2(0, 1) is a block basis of the unit
vector basis of Up,q [39, Theorem 2.c.8].
We defined rn,k,j := rnχ[ j
2k
, j+1
2k
) for any n ≥ 1, 0 ≤ j ≤ 2k − 1, where rn is the Rademacher
functions.
Let n0 be an integer such that x0 :=
∑n0
i=1 ri,k,0√
n0
satisfies ‖σ2k(x∗0)− ξ∗0‖p,2 < ε2k , where ξ0 is a
normal distribution (see Theorem A.2). Note that the proof in [12, Proposition 2.3] shows that
for fixed k, T (
∑n
i=1 ri,k,1√
n
)→ 0 as n→∞. Hence, for any ε1, by Proposition 5.2, there exists an
integer n1 such that x1 :=
∑n1
i=1 ri,k,1√
n1
satisfies that
‖Tx0 + Tx1‖p,2 =
∥∥∥∥‖Tx0‖ Tx0‖Tx0‖ + ‖Tx1‖
Tx1
‖Tx1‖
∥∥∥∥
p,2
≥ (1 + ε1)−1
∥∥∥(‖Tx0‖p,2 , ‖Tx1‖p,2)∥∥∥
2
= (1 + ε1)
−1
√
‖Tx0‖2p,2 + ‖Tx1‖2p,2.
and
‖σ2k(x∗1)− ξ∗1‖p,2 <
ε
2k
,
where ξ1 is a normal distribution.
For any εi, 1 ≤ i ≤ 2k − 1, construct inductively as above, we obtain xi :=
∑ni
j=1 rj,k,1√
ni
, 0 ≤
i ≤ 2k − 1, such that∥∥∥∥∥∥T (
2k−1∑
i=0
xi)
∥∥∥∥∥∥
p,2
≥
√∑2k−1
i=0 ‖T (xi)‖2p,2∏2k−1
i=1 (1 + εi)
≥ 2
k/2
∥∥T−1∥∥−1min0≤i≤2k−1 ‖xi‖p,2∏2k−1
i=1 (1 + εi)
(5.1)
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and
‖σ2k(x∗i )− ξ∗i ‖p,2 <
ε
2k
, (5.2)
where ξi is a normal distribution.
By Ryff’s theorem [7, Theorem 7.5], we obtain that there exists a measure preserving
transformation τi on (0, 1) such that
‖σ2k(xi)− ξ∗i ◦ τi‖E = ‖σ2k(x∗i )− ξ∗i ‖E
(5.2)
≤ ε
2k
. (5.3)
Clearly, ξ∗i ◦ τi is also a normal distribution and ξ∗i ◦ τi, 0 ≤ i ≤ 2k − 1, are disjointly supported
because xi and τi are disjointly supported, respectively [7, Theorem 7.5]. Hence,
‖ξ0‖p,2 +
1
2kp
ε =
∥∥∥∥∥∥σ1/2k(
2k−1∑
i=0
ξ∗i ◦ τi)
∥∥∥∥∥∥
p,2
+
1
2kp
ε
(5.3)
≥
∥∥∥∥∥∥
2k−1∑
i=0
xi
∥∥∥∥∥∥
p,2
≥ ‖T ‖−1
∥∥∥∥∥∥T (
2k−1∑
i=0
xi)
∥∥∥∥∥∥
p,2
.
By (5.1), we have
‖ξ0‖p,2 +
1
2kp
ε ≥ ‖T ‖−1 2
k
2
∥∥T−1∥∥−1min0≤i≤2k−1 ‖xi‖p,2∏2k−1
i=1 (1 + εi)
≥ ‖T ‖−1 2
k
2− kp
∥∥T−1∥∥−1min0≤i≤2k−1 ‖σ2kxi‖p,2∏2k−1
i=1 (1 + εi)
(5.3)
≥ ‖T ‖−1 2
k
2− kp
∥∥T−1∥∥−1 (‖ξ0‖p,2 − ε2k )∏2k−1
i=1 (1 + εi)
Since k can be taken arbitrarily large, and (εi) and ε can be taken arbitrarily small and
p > 2, it follows that the right-hand-side of the above inequality goes to infinity when k →∞,
which yields a contradiction.
Recall that a Banach space X is said to be primary if whenever X is isomorphic to Y ⊕ Z,
then either Y or Z is isomorphic to X . It is known that Lp,q(0, 1) and Lp,q(0,∞) are primary
spaces (see [39, Theorem 2.d.11] and [17, Theorem A.1]). This property of Lp,q function spaces
is very useful in the study of the isomorphic embedding of general Lp,q-spaces.
Remark 5.4. There exist σ-finite measure spaces (Ω,Σ, µ) such that Lp,q(Ω) is not
primary. Indeed, consider Lp,q(0, 1)⊕ ℓp,q. By Theorem 5.3, we have ℓp,q 6≈ Lp,q(0, 1)⊕ ℓp,q.
By the fact that ℓp,q 6 →֒ Lp,q(0, 1) [32, 50], we obtain that Lp,q(0, 1) 6≈ Lp,q(0, 1)⊕ ℓp,q. We
conclude that Lp,q(0, 1)⊕ ℓp,q is not a primary space.
We show below that the atomic part of Lp,q can be ‘absorbed’ by the atomless part.
Proposition 5.5. Let 1 < p <∞, 1 ≤ q <∞, p 6= q. For any finite measure space (Ω,Σ, µ)
which is not purely atomic, we have Lp,q(Ω) ≈ Lp,q(0, 1).
Proof. Letting Ω = Ω1 ⊕ Ω2 be the decomposition such that Ω1 is atomless and Ω2 is
atomic, we have Lp,q(Ω2)
c−֒→ Lp,q(0, 1). Hence, there exists a Banach space X isomorphic to
Lp,q(0, 1) such that X ⊕ Lp,q(Ω2) ≈ Lp,q(0, 1). Since Lp,q(0, 1) is a primary Banach space and
Lp,q(Ω2) 6≈ Lp,q(0, 1) (see Theorem 5.3), it follows that X ≈ Lp,q(0, 1). Hence,
Lp,q(Ω1) ≈ Lp,q(0, 1) ≈ X.
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We obtain that Lp,q(Ω) ≈ Lp,q(Ω1)⊕ Lp,q(Ω2) ≈ X ⊕ Lp,q(Ω2) ≈ Lp,q(0, 1).
It is known that ℓp,q is not isomorphic to a subspace of Lp,q(0, 1) [32,50]. We strengthen this
result by showing that ℓp,q can not be embedded into ℓp,q,∞ ⊕ Lp,q(0, 1).
Proposition 5.6. Let 1 < p <∞, 1 ≤ p <∞ and p 6= q. ℓp,q 6 →֒ ℓp,q,∞ ⊕ Lp,q(0, 1). In
particular, Up,q 6 →֒ ℓp,q,∞ ⊕ Lp,q(0, 1).
Proof. Assume that there exists an isomorphism T : ℓp,q → ℓp,q,∞ ⊕ Lp,q(0, 1). Let P1 and
P2 be the projection of ℓp,q,∞ ⊕ Lp,q(0, 1) onto ℓp,q,∞ and Lp,q(0, 1), respectively.
By [38, Proposition 3.b.8.], either P1T (ℓp,q) or P2T (ℓp,q) contains a subspace isomorphic
to ℓp,q. Since P1T (ℓp,q) (resp. P2T (ℓp,q)) is a subspace of ℓp,q,∞ (resp. Lp,q(0, 1)), it follows
that either ℓp,q,∞ or Lp,q(0, 1) contains a subspace isomorphic to ℓp,q, which is impossible (see
Proposition 4.24 and [32, 50]).
We prove the following far-reaching generalization of [32, Theorem 11] and [50, Theorem 10]
by using different techniques from that in [32,50]. In particular, the techniques used in [32,50]
rely on the values of p and q, our approach used in Theorem 5.7 below is much simpler and
does not rely on the values of p and q.
Theorem 5.7. Let 1 < p <∞, 1 ≤ p <∞ and p 6= q. For any σ-finite atomic measure
space (Ω,Σ, µ) of type ℓp,q,1 or ℓp,q,∞,
Up,q 6 →֒ Lp,q(0, 1)⊕ ℓp,q(Ω).
In particular, Lp,q(0,∞) 6 →֒ Lp,q(0, 1)⊕ ℓp,q(Ω).
Proof. By Proposition 5.6, it suffices to prove that Up,q 6 →֒ Lp,q(0, 1)⊕ ℓp,q. Without loss
of generality, we assume that Up,q = ℓp,q({An}), where {An} = ∪nBn := ∪{Bnj }j≥1 and Bn
consists of infinitely many atoms with measure 1n for each n. Define e
n
j be the normalized basis
of the characterized function χBnj .
Assume that there exists an isomorphism embedding
T : Up,q → Lp,q(0, 1)⊕ ℓp,q(Ω).
Let P1 and P2 be projections from Lp,q(0, 1)⊕ ℓp,q(Ω) onto Lp,q(0, 1) and ℓp,q(Ω), respectively.
If there are infinitely many n such that
lim inf
j→∞
∥∥P1T (enj )∥∥p,q → 0,
then, passing to a suitable subset of {enj }j≥1,n≥1 if necessary, we obtain that
{P2T (enj )}j≥1,n≥1 ∼ {T (enj )}j≥1,n≥1 ∼ {enj }j≥1,n≥1. This implies that Up,q →֒ ℓp,q, which is
impossible (see Proposition 4.8). Hence, there exists a positive integer n0 for each n ≥ n0,
there exists δn > 0 such that
lim inf
j→∞
∥∥P1T (enj )∥∥p,q > δn.
Without loss of generality, we may assume that n0 = 1.
We claim that for each fixed n, ∥∥T−1P1T (enj )∥∥∞ →j 0. (5.4)
Indeed, assume that
∥∥T−1P1T (enj )∥∥∞ ≥ δ > 0 for every j, then the proof of Case I in
[15, Theorem] (see also [38, Proposition 3.b.8]) shows that the closure of the linear span
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of
{
T−1P1T (enj )
}
j
contains ℓp,q. This implies that ℓp,q →֒ P1T (Up,q) →֒ Lp,q(0, 1), which is
impossible [32, 50], and therefore, (5.4) holds.
For simplicity, we denote xnj =
T−1P1T (e
n
j )
‖T−1P1T (enj )‖p,q
. Since for each fixed n,
∥∥T−1P1T (enj )∥∥∞ →j
0, it follows from the same construction as in [12, Lemma 2.1] that there exists n1 < n2 < n3 <
· · · such that {
x1n1 , x
1
n2 , x
2
n3 , x
1
n4 , x
2
n5 , x
3
n6 , x
1
n7 , · · ·
} ∼ {eℓqi }∞i=1.
The structure of the elements {einj} is shown in the following matrix:

e1n1 · · · e1n2 · · · e1n4 · · · · · · e1n7 · · · · · · · · · e1n11 · · · · · ·
0 · · · · · · e2n3 · · · e2n5 · · · · · · e2n8 · · · · · · · · · e2n12 · · ·
0 · · · · · · · · · · · · · · · e3n6 · · · · · · e3n9 · · · · · · · · ·
0 · · · · · · · · · · · · · · · · · · · · · · · · · · · e4n10 · · · · · ·
0 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

 .
Recall that all spaces of type ℓp,q,0(I) isomorphic to each other (see Proposition 4.6) and note
that the Lp,q-space generated by {ennj}n≥1,j≥1 is of type ℓp,q,0(I). We obtain that Up,q →֒
ℓq ⊕ ℓp,q. Moreover, by Proposition 4.32, we have ℓp,q ⊕ ℓq ≈ ℓp,q,. Hence, Up,q →֒ ℓp,q, which
is a contradiction with Proposition 4.8.
The following corollary yields the results of [32, Theorem 11] and [50, Theorem 10] in a more
general setting and in much simpler fashion.
Corollary 5.8. Let 1 < p <∞, 1 ≤ p <∞ and p 6= q. For any σ-finite atomic measure
space (Ω,Σ, µ), we have
Lp,q(0,∞) 6 →֒ Lp,q(0, 1)⊕ ℓp,q(Ω).
In particular, for any atomless finite measure space (Ω1,Σ1, µ1) and atomic infinite σ-finite
measure space (Ω2,Σ2, µ2), we have
Lp,q(Ω1 ⊕ Ω2) 6≈ Lp,q(0,∞)
Proof. By Proposition 4.7, it suffices to prove that
Lp,q(0,∞) 6 →֒ Lp,q(0, 1)⊕ Up,q.
Assume by contradiction that there exists an isomorphic embedding
T : Lp,q(0,∞) →֒ Lp,q(0, 1)⊕ Up,q.
Let X := T (Lp,q(0,∞)) →֒ Lp,q(0, 1)⊕ Up,q and let P1 be the projection from Lp,q(0, 1)⊕ Up,q
onto Lp,q(0, 1). In particular, P1 is a projection from X into Lp,q(0, 1). We obtain that P1X is
a subspace of Lp,q(0, 1) and (1− P1)X is a subspace of Up,q. Moreover,
Lp,q(0,∞) ≈ X ≈ P1X ⊕ (1− P1)X.
Since Lp,q(0,∞) is primary, it follows that either P1X or (1− P1)X is isomorphic to
Lp,q(0,∞). Hence, either Lp,q(0, 1) or Up,q contains subspace isomorphic to Lp,q(0,∞), which
is impossible because Lp,q(0,∞) 6 →֒ Lp,q(0, 1) (see e.g. Theorem 5.7) and Lp,q(0,∞) 6 →֒ Up,q
(see e.g. Theorem 5.3).
Corollary 5.9. Let 1 < p <∞, 1 ≤ p <∞ and p 6= q. Let (Ω,Σ, µ) be an infinite σ-finite
measure space and assume that Ω can be decomposed as Ω1 ⊕ Ω2, where Ω1 is atomless with
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µ(Ω1) =∞ and Ω2 is atomic. We have
Lp,q(Ω) ≈ Lp,q(0,∞).
Proof. Since Lp,q(Ω2)
c−֒→ Lp,q(0,∞), it follows that there exists a Banach space X ≈
Lp,q(0,∞) such that
X ⊕ Lp,q(Ω2) ≈ Lp,q(0,∞).
Moreover, since Lp,q(0,∞) is primary and Lp,q(Ω2) 6≈ Lp,q(0,∞) (see Corollary 5.8), it follows
that X ≈ Lp,q(0,∞). Hence,
Lp,q(Ω) ≈ Lp,q(Ω1)⊕ Lp,q(Ω2) ≈ Lp,q(0,∞)⊕ Lp,q(Ω2) ≈ X ⊕ Lp,q(Ω2) ≈ Lp,q(0,∞),
which completes the proof.
Appendix A. Convergence of Rademacher series
In this appendix, we establish a fact used in the proof of Theorem 5.3. Let G := (exp(L2))0
be the separable part of the exponential Orlicz space defined by Orlicz function Φ2(t) := e
t2 − 1
(see e.g. [5, 25, 48]). The classical Khintchine inequality was extended by Rodin and Semenov
[48]. Precisely, for any symmetric function space [31] (called r.i space in [39]) E(0, 1) containing
G, we have
c ‖α‖2 ≤
∥∥∥∥∥∥
∑
k≥0
αkrk
∥∥∥∥∥∥
E
≤ C ‖α‖2 , α := (α1, α2, · · · ) ∈ ℓ2, (A.1)
where {rk} is the Rademacher system.
We say that a sequence of bounded elements {xn} from a symmetric function space E(0, 1)
has absolutely equi-continuous norms [16, 54] if
lim
n
(sup
m≥1
‖xmχAn‖E) = 0
for any decreasing sequence of An ⊂ [0, 1] such that µ(An)→ 0.
Lemma A.1. [16, Proposition 3.1] Let E(0, 1) be a separable symmetric function space
and let {xn} be a sequence of bounded elements in E(0, 1) having absolutely equi-continuous
norms and xn → x ∈ E(0, 1) in measure, then
‖xn − x‖E → 0.
The theorem below is folklore. However, due to the lack of references, we provide a short
proof.
Theorem A.2. Let E(0, 1) be a separable symmetric function space on (0, 1) such that
E(0, 1) ⊃ G, then ∥∥∥∥∥
(
1√
n
n∑
k=1
rn
)∗
− ξ∗
∥∥∥∥∥
E
→ 0,
where ξ is a normal distribution which satisfies that µ(ξ ∈ A) = 1√
2π
∫
A
e−t
2/2dt for any interval
A ⊂ [0,∞).
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Proof. The central limit theorem shows that fn :=
1√
n
∑n
k=1 rn → ξ as n→∞ in distribu-
tion [8, Theorem 27.1], and therefore,
f∗n → ξ∗
in measure. By (A.1), we obtain that supn ‖fn‖E <∞ and supn ‖fn‖G <∞. We claim that
f∗n(t) ≤ Const · (log(e/t))1/2.
Indeed, by Lemma 4.3 in [5], we obtain
1
(A.1)≈ ‖fn‖G ≈ sup
t∈(0,1)
t
t[log(e/t)]1/2
f∗n(t),
that is, f∗n(t) . [log(e/t)]
1/2 ∈ G. This implies that {f∗n}n≥1 has absolutely equi-continuous
norms. Therefore, by Lemma A.1, we obtain that
‖f∗n − ξ‖E →n 0,
which completes the proof.
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